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General Instructions Total marks — 70

* Reading time - 5 minutes Section I - pages 2 - 5
* Working time - 2 hours

*  Write using black or blue pen 10 marks

Black pen is preferred *  Attempt Questions 1-10

* Board-approved calculators s Allow about 15 minutes for this section

may be used
Section II - pages 6 - 9

60 marks
e Attempt Questions 11-14
¢ Allow about 1 hour 45 minutes for this

* A table of standard integrals is
provided at the back of this
paper

* In Questions 11-14, show

relevant mathematical section
reasoning and/or calculations
MC Question Question Question Question Total
11 12 13 14
/10 /15 15 /15 /15 /70




Section I

10 marks
Attempt Questions 1-10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1-10

1 The polynomial P(x)=x’+2x+k has (x—2) as a factor.

What is the value of £?
A -12

®B) -10

(©) 10

(D) 12

2 How many different ways can 4 people be chosen from a group of 20 people?
(A) 4,845
(B) 160,000
(C) 116,280

(D) 240,000

3 The functions y = x and y = x* meet at the point (1,1).

What is the acute angle between the tangents to these functions at this point to
the nearest degree?

(A) 10°
(B) 27°
(C) 45°

(D) 63°



A stone is thrown at an angle of o to the horizontal. The position of the stone
. L . 1
at time ¢ seconds is given by x =Vfcosa and y =Visina - 5 gt* where g m/s”

is the acceleration due to gravity and ¥ m/s is the initial velocity of projection.

At what time does the stone reach its maximum height?

Vsina
(A)
g
gsina
B
B) V
Vsin?
©
g
o) £ sin’ &
212

What is the derivative of cos™t (’3—5) ?

-1

) 3‘/9 — x2

® —=
3.9 —x?

© —
9 — x2

D) —
9 — x2



The velocity v ms™1 of a particle moving in simple harmonic motion along
the x axis is given by v? = 32 + 8x — 4x?

What is the amplitude, A , and the period, T, of the motion?
(A) A=2 and T=
B) A=2 and T=nm
C) A=3 and T=

D) A=3 and T=n

What is the domain and range of y =2cos™ (x—1)?
(A) Domain: 0<x<2.Range: 0<y<w~x
(B) Domain: —1<x<1.Range: 0<y<~
(C) Domain: 0<x<2.Range: 0<y<2x

(D) Domain: —1<x<1.Range: 0<y<2x

1
xlogex

2
What is the value of f: dx ? Use the substitution # =log, x .

(A) log,0.5
B) log, 2
(C) log 4

D) 1



9

10

The points A, B and C lie on a circle with centre O, as shown in the diagram.
The size of 20CA = 25°.

A NOT TO

SCALE
A"'..k” 250
~—_ — (C

B
What is the size of 2ZABC?

(A) 25°
(B) 50°
(C) 65°

(D) 85°

3
What is the solution to the inequality —a <1?

(A) x<4 or x=7
B) x<4 or x=7
©€) 4<x<7

D) 4<x<7



Section II

60 marks
Attempt Questions 11-14
Allow about 1 hour and 45 minutes for this section

Answer each question in a SEPARATE writing booklet. Extra writing booklets are available.

In Questions 11-14, your responses should include relevant mathematical reasoning
and/or calculations.

Question 11 (15 marks) Use a SEPARATE writing booklet.
(a)  The acceleration of a particle is defined in terms of its position x, by the 2
equation a = 2x + 4. If v = 5 when x = 2, show that the velocity v is

given by v? = 2x2 + 8x + 1.

(b) 1 2

The equation log, x — - 0 has an approximate solution x, = 1.

Use one application of Newton’s method to find another approximate

1
solution to log, x — " =0.

(©)  Inaclass of 27 students, there are 14 boys and 13 girls.

(i) Inhow many ways could a captain and vice-captain be chosen

1
from the class?
(i1) Inhow many ways could two boys and two girls be chosen for the 2
student council?
(iii) The class elected Henry and Olivia for the student council. In 1
how many ways could another boy and another girl be chosen?
(d)  The polynomial P(x)=x’+bx> +cx+d has roots 0,3 and -3.
(i) What are the values of b, c and d? )
(i) Without using calculus, sketch the graph of y = P(x). )
x> -9
(iii) Hence or otherwise, solve the inequality >0 1
()  The function f(x) is givenby f(x)=4tan™' x. Find the gradient of the )

tangent to the curve where the function y = f(x) cuts the y-axis.
End of Question 11
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Question 12 (15 marks) Use a SEPARATE writing booklet.

(2)

(®)

(©

(d)

The point C(-3,8) divides the interval AB externally in the ratio £:1.
Find the value of k if 4 is the point (6,—4) and B is the point (0,4).

The point P(2ap,ap®) is on the parabola x* = 4ay . The normal at P
cuts the x-axis at S and the y-axis at 7.

(i) Prove that the equation of the normal to the parabola at P is given
by x+ py=2ap+ap’.

(ii) Hence show that S is the point (ap(2+ p*),0) and that T is the
point (0,a(2+ p*)).

(iii) Find the values of p if P is the midpoint of S7.

(i) Show that sin(x + z) _Smx+eosx
4

N

Sinx+Ccosx \/5

ii) Hence or otherwise, solve =—r+for 0<x<2x.
(it) 5 5

After time ¢ years the number N of animals in a national park decreases
according to the equation:

AN 0.09(N ~100)
dt

(i) Verify that N =100+ 4e™*®" is a solution of the above equation,
where A is a constant.

(1) After one year the number of animals in the national park 1s 400.
Find the time taken for the number of animals to reach 200.
Answer correct to three significant figures.

End of Question 12



Question 13 (15 marks) Use a SEPARATE writing booklet.

(a) . . . 3x2
(1) Find the horizontal asymptote of the graph y = 273"

2

(i) Without the use of calculus, sketch the graph y = ___x3zi _

, Showing

the asymptote found in part (i).

(b)

(i) PR is a diameter of circle C,. A straight line through P, parallel to
OR meets circle C; at T and circle C, at S. Prove that OS isa
diameter of circle C,.

(ii) Prove that the circles have equal radii if 7Q is parallel to PR.

2—e™*

©  Let fo0)= 235

(i) Find the range of f(x).

(ii) Find the inverse function f~1(x).

(d) A particle moves in a straight line under simple harmonic motion.
Its displacement (x metres) from a fixed point O at any time (¢ seconds)
is given by: x=4cos’*¢—1.

(i) Find a expression for acceleration in terms of x.

(ii) Sketch x=4cos’t~1 for 0<t<7.
Clearly show the times when the particle passes through O.

(iii) Find the time when the acceleration of the particle is greatest
for 0<¢t<nmw.
End of Question 13
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Question 14 (15 marks) Use a SEPARATE writing booklet.

(@  Use mathematical induction to prove that 3" —2xn—1 is divisible by 4 for
all positive integers greater than 1.

(b)

P
o 3h -

A football is kicked from O with a velocity of V = ’-9%@ at an angle 6

to the horizontal. The ball passes through the centre of the hoop which
is at point (3h , h) as shown in the diagram above.

With the above axes, you may assume that the position of the projectile
is given by

x =Vtcos@
2

: t
y=Vtsin9—g2—

where t is the time, in seconds, after throwing, and g is the acceleration
due to gravity.

(i) Show that the Cartesian equation of the path of the ball is
2

givenby y = xtan 8 — g}—l (1 + tan?4).
(i1)) Determine the two possible values of tan .

(iii) When tan @ takes the larger of these values, find an expression for
the range of the football in terms of h.

© S p that 1-sin268 _ 1-tané for 0<g <™
(@) Prove tha 1+sin26 1+tang 073"

(ii) Hence, show that the exact value of tan (—f—z) =2-4/3.

End of paper
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STANDARD INTEGRALS

-
1 )
x" dx = 1 n#®-1; x#0,ifn<0
n+1
w
(1
—dx =lhnx, x>0
x
J
( 1
e dx =—e™® a%0
a
o/
1.
cosaxdx =Esmax, a#z0
[ 1
sinaxdx =—Ecosax, a#0
o/
"
2 1
sec” axdx =Etanax, a#0
J

-
. 1
secax tanaxdx = Zsccax, a#0

1 1 _x
5 2dx =Etan I'E, a#0
J a +Xx
("
1 . -1 X
: dx =smlz, a>0, ~a<x<a
J VJa? - x?

—————1———dx =1n(x+\/x2-a2), x>a>0
Vx? - a2

I _ 2 2)
dex ln(x+ x“+a

NOTE: Inx= log x, x>0

-11 -






Year 12 Mathematics Extension 1 Trial Examination 2015

Section I - Answer Sheet

Student Name/Number

Select the alternative A, B, C or D that best answers the question. Fill in the response oval completely.

Sample: 2+4= (A) 2 B) 6 ©) 8 D) 9
AO B@ cO bpO

* If you think you have made a mistake, put a cross through the incorrect answer and fill in the new
answer.

A@®@ B@® cO DO

* Ifyou change your mind and have crossed out what you consider to be the correct answer, then
indicate the correct answer by writing the word correct and drawing an arrow as follows.

/cor'rec‘r
A@® B@® cO DO

BO CcO DO
BO CcO DO
BO cO DO
BO CO DO
BO CcO DO
BO CcO DO
BO ¢cO DO
BO CcO DO
BO CcO DO

> > > > > > > > > >
OO0 O0OO0OO0OO0OO0O0O0O0

Pt
e

BO CcO DO
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"'Cheltenham Girls High School

H5C Mathematics Extension 1 Trial Examination
Worked solutions and marking guidelines

Sectionl
Solution Criteria
k:
b Py = +2x+k ! Mark: A
P(2)=2*+2x2+k=0 (x—2 is a factor of P(x))
8+4+k=0
k=-12
2 20c4 = 4,845 1 Mark: A
3
y=x y=x3,ﬂ=3x2
_q dx
"= At (1) m, =3
tan@ = |12
1+mym, 1 Mark: B
[ 1-3
1+1x3
_2_ 1
4 2
6 =26.56505118...~27°
4 1
y:Vtsinoz-——z-gt2
J';:Vsina—gt 1 Mark: A
Maximum height when y =0
0=Vsina—gt
Vsina
t=
g
5 d . -1% _
(COS 3) = 1 xl 1 Mark: C
dx N2
1-(5)
_ -1
Rz
6
A=3 and T=m I Mark: D




Solution Criteria
7 in: ~1<(x—1)< <x<
Domain: —1<(x-1)<lor 0<x<2. | Mark: C
Range: 0<cos™ (x—1)<mor0<y<2x
8 1
u=log, x and du =—dx
x
u=log e=1 u=log e’ =2
Ee Ee 1 Mark: B
| 2 1
j dx = I —du
¢ xlogx Vou
2
=[log, u];
=log,2—-log,1
=log, 2
9 180° — (25° + 25°)
= 180°—50° 1 Mark: C
= 130°
< ABC =130°=+2
= 65°
10 |2 <1
x—4
_ _ 2
3(x—4) < (x—4)°, x#4 1 Mark: B

3x—4)~(x—4)*<0
x—-B-Exx-49]<0, x+4
x—49)(7~-x)<0, x4

x<4 or x=7




*\ Section II

Solution Criteria
@ |a=2x+4 2 Marks: Correct
, answer.
LEZ_) =2x+4
dx 1 Mark: Uses the
substitution and
2 impli i 1.
== f (x+4) dx simplifies the integra
v? =2](2x+4) dx
v? =2x% +8x + C, C isa constant
To find C,
Whenv =5,x =2
25=8+16+C
c=1
wv?=2x2+8x+1
11(b) 0 ' 1 1 2 Marks: Correct
f(x)=log, x—x f'x)==+= answer.
X X
fQ)=log 1_1=_1 f'(1)=l+l=2 1 Mark: Finds
1 1T SO, 1) or
X shows some
X =X, — f,( 0) understanding of
S (xo) Newton’s method
-1
=1-|—|[=1.5
2
11(c) Order is important. (Select the captain then vice-captain) 1 Mark: Correct
(i) - answer.
“P, =702
(1.!)(0) Order is not important 2 Marks: Correct
ii
“C,x *C, =91x78 answer
1 Mark: Shows
=7098 understanding
(1.!_()0) Order is not important 1 Mark: Correct
1
13C1 % 12C1 =13X12 answer.
=156
@ | p(x)=x>+bx? +cx+d
(1) 2 Marks: Correct

P(0)=0’+bx0*+cx0+d =0, ..d=0
P(3)=3+bx3"+¢cx3=0, ~27+9+3¢c=0
P(-3)=(=3* +bx(=3)* +cx(-3)=0, ..—27+9b -3¢ =0

By inspection b =0 and ¢ =9
Therefore 5=0, c=-9and d =0

answer.

1 Mark: Uses the
factor theorem or
shows some
understanding.




2 Marks: Correct

Slope of the tangent is 4.

11(d) _ .3 o2
(ii) y=x -9x=x(x"-9) answer.
¥
/\1 0t
< : x
4 B2 \1 o2 /é 4
// -5
z -10
11(d) 2 9 1 Mark: Correct
(iii) x2 % (x j > 0x x2 answer.
X
x(x*=9)>0
From the graph the solution is —3<x<0 or x>3
11(e) Flx)= dtan™ x 2 Marks: Correct
answer.
\ 4
fi(x)=——
1+x 1 Mark: Differentiates
The curve cuts the y-axis when x =0 the inverse function.
4
(0) = =4
710 1+0°




Solution

Criteria

12(a)

mx, + nx, my, +ny, 2 Marks: Correct
X = mn or = mn answer.
1 Mark: Uses the ratio
3= M 8= M formula with one
k-1 k-1 correct value.
Bk-)= -¢ 8(k-1)=4k+4
C -8 = Ale+4
-6 3 =
m3kt2 = 4E= 12
-3k =" je = &
K=3 3
12(b) 2 Marks: Correct
(i) answer.
1 Mark: Finds the
gradient of the tangent
or shows some
understanding of the
problem.
To find the gradient of the normal
1 a 1
y=—2x" and Doy
4a dx 2a
. Wy _ 1
Gradient of the tangent at P (2ap,ap”) —=—x2ap=p,
dx 2a
1
Gradient of normal at P (2ap,ap®) m = —— (mm, =—1)
Equation of the normal at P (2ap, ap®)
y=n=mx-x)
1
y—ap® =—-—(x—2ap)
p
py—ap’ =—-x+2ap
x+ py=2ap+ap’
! %(b) 2 Marks: Correct
(i)

S is on the x-axis (y = 0) T is on the y-axis

x+px0=2ap+ap’ (x=0) :
x=ap(2+ pb) 0+ py=2ap+ap
y=a2+p’)

S is the point (ap(2+ p?),0)
T is the point

(0,a(2+ p*))

X=oq+2A 'M]o=f«_f_(_2_-+@?')+°

= 2-

o op<|o+alatp’)

answer.

eV




12(b)
(iii)

P is the midpoint of ST

xr—‘zc—l—-i-—xz or y:M
2 2
_ , ,
2apzw ap2=9+a_(2'_|'_19__)_
2 2
4ap =2ap + ap’ 2ap® =2a+ap’
ap(p®-2)=0 a(p®-2)=0
p=0,p=i\/§ .‘.p=i\/§

N/ =12

2 Marks: Correct
answer.

= —0.09(N —100)

],2 (©) . T 2 Marks: Correct
(@) LHS = sin(x + -4—) AnSWer.
= $11 X COS— + COS X SIn — 1 Mark: Uses the sum
4 of angles formula or
. 1 1 exact values.
=SINXX—F—+COSXX—=
J2 J2
__sinx+cosx
V2
=RHS
12(c) i
(i - \/3— 2 Marks: Correct
sin(x +—) =— answer.
4 2
X +£ g or EZ 1 Mark: Finds one
4 3 3 solution or shows
o 571 some understanding.
X=— 0Or —
12 12
1.2 @ 1 Mark: Correct
) N =100+ Ae™** answer.
dN -
—— =-0.09x 4e™**"
dat




<

12(d)
(i)

When ¢ =1 then N =400
400 =100+ Ae™*®
Ae™*® =300

300

-0.09
e

A= =328.252285...

We need to find f when N =200
200 =100+328.25...e7%%

oo _ 100
328.25...
. log, 0.3064...
—-0.09
=13.206803...

~13.2 years

=0.3046...

2 Marks: Correct
answer.

1 Mark: Finds the
value of 4 or shows
similar understanding
of the problem.




Solution Criteria
13(a) 1 Marks: Correct
(i) _ 3« answer.
Y2
3
x% +2)3x
3x*+6
-6
y=3-7yz
Therefore the horizontal asymptoteisy =3
13(a) A4 2 Marks: Correct
(i) answer.
«— —4=3
%
1‘3(b) P 2 Marks: Correct
(i v ' N answer.
1 Mark: States the
0 R . angle in a
semicircle is 90°
ZPQOR =90" (angle in a semicircle is 90°) or makes some
OO (et progress towards
ZSPQ+ £ZPOR =180° (cointerior angles, PS//QR) the solution.
5 LSPQ =90°
QS is a diameter ( LSPQ is an angle in a semicircle equal to
90%)
13b) | ,POR = ZTPO=90" (alternate angles are equal, PS/QR) | 2 Marks: Correct
(i) answer.

QT is a diameter (LTPQ 1is an angle in a semicircle equal to
90%)

If TQ//PR then PRQT is a parallelogram.

PR = QT (opposite sides of a parallelogram are equal)

QT and PR are equal diameters.
Therefore the two circles have equal radii.

1 Mark: Shows
some
understanding.




13(c) Flx) = 2-e™ 1 Marks: Correct
0 3 answer.
2 1
X)==—=e*
FE =5-3
2
Range:y < 3
13(c) 9 X 2 Marks: Correct
) fl) = 36 answer.
By interchanging x and y 1 Mark: Shows
x = 2-e” some
3 understanding.
3x=2—e"7
e ¥ =2-3x
1
Y =
¢ T2
Y =108\ 3 "3
y =—log,(2 - 3x), x <§
f) = ~loge(2~3x), x<?
13(d)

(i)

x=4cos’t-1

x=2(cos2t+1)-1
=2cos2t+1

X =—4sin2¢

X =—-4x2cos2t
=—4(x-1)

2 Marks: Correct
answer.

1 Mark: Shows
some
understanding.




é?)(d) x=4cos’t—1lorx=2cos2t+1 2 Marks: Correct
answer.
Stationary points x =0, ..—4sin2t=0or¢= 0,%, 7Ty
When t=0 x=2cos2x0+1=3 :hlzl/liﬂc{)}?}?errc;elf:ve
When t=7 x=2cos2xz+1=3 OI‘S%OWS some
When ¢ = z x=2co0s2x z +1=-1 understanding.
2 2
X
3 '\ /
21 /
\ /
/ L
-1 3 3
(13)(d) 1 Mark: Correct

(iii)

Velocity is increasing most rapidly when X has the greatest
positive value (or x takes the least value).

Greatest value: ¥ =-8cos2r=8 whent = -725

Velocity is increasing most rapidly at 5 seconds.

answer.




Solution Criteria
14(a) Step 1: To prove the statement true for n=2 3 Marks: Correct
3" -2n-1=3"-2x2-1=4 answer.
Divisible by 4
Result is true for n=2 > Marks: P
. _ arks: Proves
Step 2: Assume the result true for n=% the result true for
3* —2k—-1=4P (1) where P is an integer. n=2 and
To prove the result is true for n=k +1 attempts to use the
3F1 _2(k +1)—1= 40 where Q is an integer. result of n=£ to
prove the result
LHS=3""'-2(k+1)-1 for n=k+1.
=3x3"-2k-2-1
=3x (3" -2k -1+ 4k
— 3(4P)+4k from (1) 1 Mark: Proves
the result true for
=43P +k) _
n=2.
=40
= RHS
Q is an integer as P and £ are integers.
Result is true for n=k+1 if true for n=%
Step 3: Result true by principle of mathematical induction.
14(b) | » = vt cos @ — (1) 2 Marks: Correct
i) answer.

2
y =vtsinf —%———>(2)

From (1) y = "

Substitute xs efor tin(2)

vCo

2
y= v(chSB)Sine—%(chc:se)

2
x
y = xtan@—%—ﬁsecze

gx* 2
y=xtan6-—2—vz(1+tan 8)

. h
Sincev =3 %—
2

X
= - 2
y=xtan8 9h(1+tan 8)

1 Mark: Shows
some
understanding.




14(b)

(i)

%2
— 2 2
y =xtan@ 9h(1+tan 0)

Substitutingx = 3handy =h
9h?
h =3htan8 ——(1 + tan? 6)

h=3htan@ — h (1 + tan? 9)
1 =3tan6 — (1 + tan? )

tan’6 —3tanf+2=10
(tanf — 2)(tanf — 1) =0

tan@ =2 or tanf8 =1

2 Marks: Correct
answer.

14(b)

(ii1)

X2
y —xtan@——(1+tan 0)

x2
0 —xtanB———(1+tan 8)

0= (tan 6 —— (1 + tan? 9))

x=0 or tan@—ﬁ(1+tan20) =0 -(3)

By substituting tan 6 = 2in (3)

2——(1+4)—0

2———x5—0

3 Marks: Correct
answer.




14(c)

) 1-sin26_1-tan§ 2 Marks: Correct
(1) 1+sin268 1+tan@ answer.
’1—sin 26
LHS= 1+sin 26
1 Mark: Shows
2tané@ some
_ |- 1+tan?e understanding.
- 2tan@
1+tan24
1+tan%?0 —2tand
T J1+4+tan20 4+ 2tané
(1 —tan 9)2
(1 +tan6)?
1—tan6
"~ 14tané
= RHS
l.df(c) 3 Marks: Correct
(i) 1-sin26  1-tanf answer.
1+sin 26 1+tan 8
T
9 == —E
1 1 Mark: Shows
some
understanding.

T
1— _ 1—tan§
T
1+= 1+tan—1—2-
T
1 1——tanE




T
1 1—tan-1-5

= T
\/§ 1+tan—13

VA T
\/§—\/§tan-1—2 =1+ tan—l-i

T T
x/§tan—17+tan—= V3-1

12
can " V3-1
an— =

12 3+1

By rationalising the denominator

T
tan—=2-+3
an V3

End of solutions




